The transition between many-body localized states and the delocalized thermal states is an eigenstate phase transition at finite energy density outside the scope of conventional quantum statistical mechanics. In this work we investigate the properties of the transition by studying the behavior of the entanglement entropy of a subsystem of size LA in a system of size L > LA near the critical regime of the many-body localization transition. The many-body eigenstates are obtained by exact diagonalization of a disordered quantum spin chain under twisted boundary conditions to reduce the finite-size effect. We present a scaling theory based on the assumption that the transition is continuous and use the subsystem size LA/ξ as the scaling variable, where ξ is the correlation length. We show that this scaling theory provides an effective description of the critical behavior and that the entanglement entropy follows the thermal volume law at the transition point. We extract the critical exponent governing the divergence of ξ upon approaching the transition point. We also study the participation entropy in the spin-basis of the domain wall excitations and show that the transition point and the critical exponent agree with those obtained from finite size scaling of the entanglement entropy. Our findings suggest that the many-body localization transition in this model is continuous and describable as a localization transition in the many-body configuration space.
I. INTRODUCTION
In 1958, Anderson proposed that all single particle states of a closed non-interacting quantum system can be localized with sufficient randomness and thus have zero conductivity. Such systems fail to reach thermal equilibrium even after an infinitely long time evolution 1 . About half a century later, Basko, Aleiner, and Altshuler argued that when weak interactions are present, the localization remains 2 in the many-body localization (MBL) phase, which has since then been widely studied theoretically and numerically [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] , and observed experimentally in cold atom and trapped ion systems [17] [18] [19] [20] [21] . The transition between the MBL phase and the delocalized thermal phase is a dynamical phase transition. As the disorder strength increases, the delocalized system whose long-time behaviour obeys equilibrium thermodynamics turns nonergodic and thus fails to thermalize. Due to the breakdown of ergodicity in the MBL phase, the transition cannot be described by the conventional quantum statistical-mechanics with averages over many eigenstates. In contrast to ordinary quantum phase transitions that occur in ground states, the MBL transition is a transition in the the many-body eigenstates at finite energy densities. The excited eigenstates that satisfy eigenstate thermalization hypothesis (ETH) are separated from those that fail to satisfy ETH by the MBL transition. A significant implication of ETH is the volume law of the entanglement entropy, whereas it obeys the area law in the MBL phase due to the locality of the interactions, akin to quantum ground states. As a result, the entanglement entropy is widely used as an "order parameter" to study the MBL-ETH phase transition.
Although great progresses have been made, some fundamentals of the MBL-ETH phase transition are still not clear, partly because the MBL transition falls outside equilibrium statistical mechanics. Grover argued 22 that the critical eigenstates are thermal assuming that the MBL-ETH transition is continuous. While some numerical supports for this analysis have been reported 8, 9 , other works suggest the behavior at the critical point to be more like that of a localized phase than an ergodic phase 3, 7 . Arguments against the continuous transition assumption have also proposed 23 . Moreover, following the assumption of a continuous MBL transition, a Harris criterion type of bound ν ≥ 2/d for the critical exponent of the divergent length scale has been proposed 24 . While this bound is corroborated by the perturbative renormalization group (RG) studies [25] [26] [27] , it is violated by essentially all current exact diagonalization (ED) and scaling of finite-size systems 8, 9 . Recently, the validity of the Harris criterion for MBL transition has been challenged and an exact result of ν = 1 was derived from the theoretical analysis 28 .
Another intriguing and relevant question is wether the MBL ultimately arises through the localization of the many-body states in the configurational Hilbert space of the entire system L, in analogy to the single-particle Anderson localization in the physical space. Is the entanglement entropy, which is defined on a subsystem L A ∈ L, and its volume vs area law in the ETH and MBL phases in the thermodynamic limit L ≫ L A ≫ 1 just one of the many ways for describing the MBL transition? To be specific, consider an exponentially many expansion coefficients of an eigenstate wave function on the thermal side of the transition over some local basis states. Will the number of expansion coefficients be of lower order on the MBL side? If this is the case, there must exist a quantity defined in that local basis space, in analogy to the inverse participation ratio (IPR) that measures the (inverse) of the spatial coverage of the single-particle eigenstates. This quantity can be called as the many-body IPR (mIPR). Does the mIPR exhibit critical behavior near the MBL transition? The mIRP is clearly basis dependent, but is its critical behavior (if any) basis dependent? Is there a naturally specified choice of basis wherein the MBL transition can be described by the mIRP? Several theoretical studies have shown that the behavior of the mIPR or its logarithm termed as the participation entropy and the entanglement entropy share similarities 29, 30 , but if the former is a critical quantity in the MBL transition is still under debate.
In this work, we report the progress made on a disordered transverse field Ising chain defined in Section IIA, which is known to display the MBL-ETH transition 9 , using an improved ED and a new finite-size scaling analysis that provide several useful insights into these fundamental issues associated with the MBL transition. Specifically, we apply twisted boundary conditions (TBC) that significantly reduce the finite size effect discussed in Section IIB. The ED is carried out on otherwise identical Ising chains where the end spin is rotated by an angle θ around x axis. The relevant quantities are averaged over different twisted angles, disorder realizations, and a small energy density window. We find that this algorithm greatly reduces the finite size effect. We then study the behavior of the entanglement entropy near the transition in Section III, based on the same two assumptions made by Grover 22 . The first assumption is that the MBL-ETH transition is continuous. This implies, according to Grover's analysis, that the critical entanglement entropy equals to a thermal entropy. The second is that the entanglement entropy S A E of the subsystem is a scaling function only of L A /ξ, with no significant dependence on the total system size L when L ≫ L A , ξ. This is reasonable because in the thermodynamic limit, the exact size of the whole system L that acts as a heat bath of the subsystem should not significantly impact the value of S A . We show that L influences S A E only through the dimensionless partition ratio r = L A /L. In the relevant thermodynamic limit where r → 0, we find that S A E is strictly thermal at critical point, instead of being subthermal as suggested in Ref 8, 9, 23 . This is consistent with Grover's analysis and therefore corroborates the assumption of the continuity of S A E . Following the above analysis, we perform a finite size scaling analysis of S A E with L A /ξ as the scaling variable, whereas L enters through r as corrections to scaling due to irrelevant operators. In this way we find a critical exponent ν = 0.94 ± 0.07. This value still violates the Harris bound, but agrees well with the result derived in Ref 28 . Finally, in Section IV we perform a finite size scaling analysis of the participation entropy, i.e. the logarithm of the mIPR, defined in a suitable spin configuration space of the domain wall excitations. We find that both the critical point and the critical exponent agree with those obtained from the scaling of entanglement entropy. This result implies that MBL-ETH transition is a localized-delocalized transition in the spin configuration space.
II. MODEL AND METHODS

A. Transverse-field disordered quantum Ising chain
The quantum transverse-field Ising chain is known to develop the MBL phase when the disorder strength is strong enough. The Hamiltonian of the system is given by
where σ x and σ z are Pauli matrices and L is the number of sites in the chain. In Eq. (1), the second nearest neighbor coupling J 2 and the transverse external field h are uniform, whereas the nearest neighbor coupling is sitedependent. We use J i = J + δJ i , where J is a constant and δJ i is randomly taken from a uniform distribution [−δJ, δJ]. Thus δJ measures the disorder strength. For a certain disorder realization, the energy E of the manybody eigenstates of H is bounded within a bandwidth W = E max − E min . Consider a disordered ensemble of H, the appropriate dimensionless energy is defined by the energy density ǫ = 2(E − E min )/W relative to the bandwidth, within a small window around ǫ. All quantities computed later are averaged over different disorder configurations in a small energy window around a fixed ǫ = 59/60. We set J 2 = 0.5h = 0.3J, where the ground state of the Hamiltonian has ferromagnetic order in z direction due to Z 2 symmetry breaking. As we focus on excited states, in the absence of interactions and randomness, the ferromagnetic order is destroyed at any finite energy density as the excited domain walls are extensive over the whole chain. When there's randomness but no interaction, the domain walls become localized for infinitesimal disorder. With both interaction and randomness, there exists a finite critical disorder strength separating the ETH phase where the domain walls are extensive from the MBL phase where they're localized 6,9 .
B. Twisted bondary conditions
When applying exact diagonalization (ED) to the Hamiltonian to compute the eigen wavefunctions, we normally use open boundary conditions (OBC), namely, ignore the interactions between boundary spins; or periodic boundary conditions (PBC) which allow the boundary spins to couple in the same way as inner spins; or a mixture of the above. If the system size is large enough, such boundary effect will have negligible impact. However, due to the exponential increase of numerical demand, we can only study systems of very limited sizes. L = 16 is the largest system size commonly studied using ED for quantum Ising chains. This limitation leads to strong finite size effects, which become more severe for long-ranged interactions. To reduce the finite size effects, it is common to use twisted boundary conditions (TBC) 31, 32 . In this paper, we implement TBC by rotating the last spin at the end of the Ising chain by an angle θ around the x axis. This corresponds to a transformation in the Hamiltonian
respectively in the nearest and second nearest neighbor coupling terms. The coupling term between σ x L and the transverse field are kept unchanged. When θ = 0, the last spin is along the z axis, which is simply PBC; and when θ = 2π, it correspond to anti-PBC. We vary θ from 0 to 2π. For each θ value, we use a number of disorder configurations to generate eigen-wavefunctions. All quantities computed from the wavefunctions will be averaged over both different θ and different disorder configurations within a small energy window around an energy density, which will be discussed in detail below. Fig.1 shows that the application of TBC greatly improves the smoothness of the density of states (DoS). Fig.1(a) and Fig.1(b) are the DoS obtained using TBC and PBC respectively, with both of them averaged over the same number of ED results. The red line denotes the DoS computed from the spectral function and the black line is obtained by counting the number of eigen-energies in a binned energy window. The values of the infinitesimal real positive number in the spectral function and the width of the energy window are chosen to be the same in Fig.1(a) and Fig.1(b) .
In Fig.2 and Fig.3 , we show that averaging over TBC compared to using pure PBC also reduces the fluctua- tions of the quantities computed from the wave functions, thus benefits the scaling analysis to be discussed later. We take entanglement entropy and participation entropy (which will be detailed in the following sections) as examples. Fig.2(a) shows that the entanglement entropy calculated with TBC has much less fluctuations as a function of the disorder strength, compared to that calculated using PBC in Fig.2(b) . Fig.3 illustrates the same effect for the participation entropy.
From the above results, we find that using TBC can greatly mitigate the boundary effects in finite size systems as it removes the bias of fixing a specific boundary condition and improves the quality of the numerical data by reducing fluctuations of averaged quantities. In the rest of the paper, we will use TBC exclusively to generate all required data.
III. ENTANGLEMENT ETROPY A. Qualitative behavior
We now study the qualitative behavior of the entangle-
where L is the length of the whole spin chain and δJ is the disorder strength. It is given by
where
is the reduced density matrix with the trace Tr A c running over the complement set of A, i.e. L−L A . |Ψ n is the n th eigenstate with energy E n obtained by exact diagonalization of the Hamiltonian in Eq. (1) . In this work we focus on eigenstates with energy densities falling into a small energy window around ǫ = 59/60. It is already clear that in the ETH phase, S A E obeys the volume law, namely it is proportional to the subsystem size. Therefore in our one-dimensional system, it is linear in L A . On the other hand, in the MBL phase, S A E should obey the area law, being proportional to the boundary of the subsystem, i.e. it should be a constant in the one-dimensional case. In previous works on the spin chains, it is common to study the half-chain entanglement entropy and its scaling behavior with respect to the whole system size L 8,9 . Doing so does not clearly addressed if the entanglement entropy scales with L or L A . Although in this case scaling with L is equivalent to scaling with L A , discussing the scaling behavior with respect to the total system size L may be confusing. There are two reasons. First of all, by definition, S A E should only scale with L A , since when L is large enough to satisfy L ≫ L A and L ≫ ξ where ξ ∼ |δJ − δJ c | −ν is the correlation length, S A E should be independent of the value of L. This can be understood since in the thermodynamic limit L ≫ L A ≫ 1 because if the subsystem in the ETH phase can thermalize and the rest of the system is able to act as an infinite heat bath, the exact size of the heat bath should not matter. If instead, the subsystem is in the MBL phase, the area law implies that the one-dimensional systems will be independent of either L A or L. Thus the only dimensionless scaling variable should be L A /ξ. Second, requiring L A = L/2 is far away can never really approach the L A ≪ L limit. As a result, the finite size effect may greatly impact the behavior of S A E and thus systems may be more difficult to be fully thermalized and thus more prong to subthermal behavior of S A E . In the ED studied of small to moderate finite size systems, the partition ratio r = L A /L can enter through corrections to scaling which must be taken into account.
We further illustrate the above statements by calculating the entanglement entropy at fixed L A = 2 and explore how S 
that when L > 12, for very weak and very strong disorder strengths, i.e. δJ ≤ 1.0 and δJ ≥ 4.5 respectively, S A E shows approximately no dependence on L, implying that L ≫ L A and L ≫ ξ are both satisfied. On the other hand, if L ≤ 12 in the region of disorder strength above, or for 1.0 < δJ < 4.5 and all L ≤ 16, S A E appears to increase with L. This latter behavior is likely caused by the violation of L ≫ ξ, as ξ becomes larger when δJ gets closer to its critical value. First, we emphasize that this increase is a finite size correction rather than the volume law in L. Because S A E is bounded in this case by ln2L A , the dependence of S A E on L must vanish for large enough L. Second, the finite size correction in the regime where L is comparable to ξ reduces the value of S A E , which should be accounted for. To achieve this goal, we introduce the partition ratio r = L A /L. When r ≪ 1, meaning that when L ≫ L A , this correction is negligible. When r is finite, it adds a correction to the scaling of S A E in the regime around the critical point with ξ, in the same spirit as correction to scaling due to irrelevant operators. By doing so we express all L dependence on S A E through r, thus the entanglement entropy r, δJ) . The quantitative study of its scaling behavior will be discussed in the next section. Next, we examine the dependence of S is consistent with the thermodynamic limit requirement L ≫ L A , i.e. when the rest of the system can act as an infinite reservoir for the subsystem. Since S A E seems not to be fully thermalized at r = 0.5 due to the small whole system size relative to the subsystem size and do not obey volume law even at very weak disorder strength as seen in Fig. 5a , the bipartition entanglement entropy may not be an appropriate choice for studying the scaling behavior. Fig. 5d shows that when δJ is large (δJ = 5.0), the dependence of S A E on either L or L A is rather weak, which is consistent with the area law behavior.
The above observations are qualitatively consistent with the analysis of Grover 22 and support the notion that the MBL transition is continuous in the thermodynamic limit. We note that in ref 23 , it was argued that in the quantum critical regime, the entanglement entropy obeys the area law, which challenges the assumption that the MBL-ETH transition is continuous. We also observed similar plateaus in the S A E versus L plot at a small fixed L A in Fig. 4 . However, since the volume or area law is defined with respect to L A instead of L, we refrain from regarding the plateau as an indication of the area law in quantum critical regime. Moreover, it can be seen in Fig. 5c where δJ = 3.0, S A E for L = 8, 10 corresponds to the plateau region in Fig. 4 , the entanglement entropy as a function of L A appears not to behave very differently from those at L = 12, 14, 16. As a result, we believe the continuity assumption is still valid, and based on which we proceed to build our scaling theory.
B. Finite-size scaling for SA The finite-size scaling for the entanglement entropy in the MBL phase transition has been widely studied 8, 9, 22, 23, 33 . Based on the above observation and discussion, we need to construct a scaling theory explicitly in the subsystem sized L A , such that when δJ < δJ c , S is continuous and thus maintain a critical volume law. To this end, we specify the system and subsystem sizes using (L A , r) and all correction to the scaling of the entanglement entropy caused by a finite L is expressed in terms of the noncritical dependence on r. The entanglement entropy S A E thus depends on three variables as S A E (L A , r, δJ), or equivalently, S A E (L A , r, ξ(δJ)) where ξ is the correlation length. The finite-size scaling form can therefore be written according to
The scaling function f (x, r) can be expanded in the vicinity of the critical point,
where f c (r) = f (0, r) is the value of S A E /L A at the critical point δJ c . The function g r (x) can be expanded as a polynomial in x with g r (0) = 0; its expansion coefficients have in general r dependence.
The functional form in Eq. (7) we obtain α = 0.72 ± 0.03, β = −1.31 ± 0.22, and γ = 0.84 ± 0.62 with the mean square root fitting error equal to 9.98 * 10 −3 . This allows us to extrapolate the critical amplitude to the thermodynamic limit 1 ≪ L A ≪ L by taking the limit, lim r→0 f c (r) = a = 0.72 ± 0.03 for the prefactor of the volume-law at critical point. Remarkably, this result agrees within the error bar with the thermal entropy which is ln2L A in the high temperature limit, where the prefactor is ln2 ≈ 0.693. This serves as a self-consistency check and confirms that S A E is continuous and obeying the volume-law in L A at transition. Subthermal behavior of S A E near the critical point has been observed previously 8, 9, 34, 35 , but these works do not focus on the limit L A ≪ L. As can be seen from Fig. 6c , f c (r) < ln2 for nonzero r, strongly suggesting that the subthermal behavior near the transition is due to a failure to satisfy the L ≫ L A limit that is most severe at the half-chain partition r = 0.5. In this case, the ability of the rest of the system to act as a heat bath is impaired, making the subsystem not fully thermalized.
We now turn to the finite size scaling analysis of the entanglement entropy S A E . Instead of scaling S A E /L A in Eq. (7), we scale the quantity y = S A E /(L A f c (r)), where f c (r) has already been obtained by the above procedure and given in Eq. (8) . Thus y = 1 + g r (x) where x = L A |δJ − δJ c | ν . Since the major dependence of on r has been removed in y, we assume the remaining r dependence in the function g r (x) is small and negligible in the neighborhood of the critical point, provided that r is small and not very close to 0.5. This assumption can be further discussed below.
This algorithm allows us to choose the largest system size studied namely L = 16 and L A = 1, 2, 3, 4, 5, 6, 7 to complete the finite size scaling analysis. The obtained scaling plot is shown in Fig. 7 . The good quality of the data collapse allows us to determine the critical point δJ c = 3.19 ± 0.03, which is consistent with the condition under which f c (r) was obtained. The critical correlation length exponent is ν = 0.94 ± 0.067. Note that the data for L A = 8 are not included, because it corresponds to r = 0.5 which is too large for the coefficients in g r (x) to be treated as independent of r. We checked that if L A = 8 were included in the scaling plot, the quality 1.4
δJ=3 . of the data collapse becomes noticeably poorer. In fact, our theory implied that the value of L should not matter if only we divide S A E /L A by the corresponding f c (r).
To verify this point, we repeated the finite size scaling analysis for L = 14 and L A = 1, 2, 3, 4, 5, 6 and obtained a similar quality of data collapse with the critical point δJ c = 3.14 ± 0.06 and the correlation length exponent ν = 0.99 ± 0.09, which are very close to obtained when using L = 16. The errors in our analysis are obtained following the approach presented in the supplementary material of reference 8 . The good quality of the data collapse and the similar results obtained for different system sizes justify that the r dependence in g r (x) near the critical point (x = 0) is negligible when r is away from 0.5.
IV. PARTICIPATION ENTROPY
Finally, we investigate if the MBL transition describable by the entanglement entropy of a subsystem L A in a system L in the limit 1 ≪ L A ≪ L can be characterized by the inverse participation ratio (IPR) or its associated participation entropy in the spin configuration space of the entire system L. In other words, is the MBL related to the localization of the eigenstates in the spin configuration space of the entire system L due to strong disorder and correlation? 29, 30, 36, 37 The connections between Hilbert space localization and energy level statistics have indeed been explored and demonstrated by experimental measurements recently 38 . The IPR, which is widely used to study the Anderson localization transition 39, 40 , can be generalized to the many-body probelm 41 , defined for the n th eigenstate |Ψ n as, where {σ z i } is chosen as the basis for the spin configuration for the model parameters used. This choice of basis will be discussed below. The associated participation entropy is given by
We consider q = 2 and ignore the superscript q for simplicity in the rest of the discussion. Several theoretical studies have shown that the behavior of S P and the entanglement entropy share certain similarities 29, 30, 36 and are directly related to each other in the single-particle case 42 , while others offer opposite arguments 8, 43 . Using the high quality S P data obtained by ED under the TBC, we performed a finite size scaling analysis of S P obtained on finite-size systems with L = 10, 11, 12, 13, 14, 16 at different disorder strengths. The scaling plot is shown in Fig.8 , which gives the critical disorder strength δJ Note that the definition of the many-body IPR in Eq. (9) requires choosing a basis and the obtained results can be basis dependent. It is thus important to discuss if there exists a physically suitable basis for studying MBL using the participation entropy. Here we chose the spin configuration basis along the z direction in Eq. (9) and demonstrated that the participation entropy S p in Eq. (10) displays a MBL transition consistent with that of the basis-independent entanglement entropy S A E for the spin-chain. The reason for this basis choice is that the ground state of the system has ferromagnetic order of the spins along the z direction at h = 0.6J. Thus the excited states are domain wall excitations that flip the spin along the z direction 6, 9 . In the ETH phase the domain wall excitations are extensive, whereas in the MBL phase they are localized. There exists an occupation number representation for the domain walls in terms of the local spin configuration in the z direction. For example, in our model system with Z 2 symmetry underP =
and OBC, an unoccupied domain wall state |0 is given by (| ↑↑ +| ↓↓ )/ √ 2, while an occupied domain wall state |1 corresponds to (| ↑↓ + | ↓↑ )/ √ 2). We believe that the suitable basis to define the many-body IPR is the quasiparticle occupation number basis. Thus, for the parameter space leading to the ferromagnetic ground state and domain wall excitation, the spin configuration in the z direction is the suitable choice of basis with which we computed the participation entropy. This implies that when h ≫ J where the domain wall excitations turn to flip spins in the x direction, the appropriate choice of basis would be the spin configuration in the x direction. While more detailed studies are necessary, we have tested this at h = 4J and found that the participation entropy S P defined in the spin configurations along the x direction shows the scaling behavior, while that along the z direction does not. Finally, any two choices of basis connected by transformations that commute with the Hamiltonian will give the same behavior of the m-IPR. In the present case, identical results are obtained if the basis is chosen to be the spin configuration along the −z direction. In the more general case where the Hamiltonian has SU (2) symmetry, the basis choices of spin directions along x, y or z will produce the same results.
V. SUMMARY
We introduced a finite size scaling theory for the critical behavior of the entanglement entropy near the MBL transition. We emphasized that it is the subsystem size L A , not the total system size L, that cuts off the critical singularity of the MBL transition, such that the only scaling variable is L A /ξ with ξ being the divergent correlation length. The total system size L enters only as a correction to scaling through the introduction of the partition ratio r = L A /L that characterizes the ability of the rest of system to act as an infinite heat bath to the subsystem. While r vanishes in the thermodynamic limit L ≫ L A , a large r close to its maximum r m = 0.5 pronounces the inability to fully thermalize, leading to subthermal behaviors of the entanglement entropy near the critical point. In the thermodynamic limit, the scaling function produces the volume and area laws of the entanglement entropy in L A but not in L in the ETH and MBL phases, respectively. We applied this scaling theory to the MBL transition in the disordered transverse field Ising chain. The finite size scaling analysis of the en-tanglement entropy, obtained using exact diagonalization and twisted boundary conditions to reduce the boundary effects, supports that the MBL-ETH transition is continuous and the entanglement entropy is strictly thermal at the critical point. The correlation length exponent is obtained to be ν = 0.94 ± 0.07. This value is below the lower bound set by the Harris criteria, as are several other exact diagonalizaiton results. It is, however, close to ν = 1 derived by Monthus 28 who argued that the critical exponent for the MBL transition need not satisfy the Harris bound since the quantum many-body state under study experiences 2 L − 1 random energies, which is much more than L d assumed in the derivation of the Harris bound. It remains to be explored if the Harris bound is violated due to the limited system size, or because it does not apply to the MBL phase transition studied. We also argued that the many-body IPR and the participation entropy defined in the quasiparticle occupation number basis of domain wall excitations in the entire system L can be used to describe the MBL transition as a localization transition of the many-body eigenstates in the spin configuration space. We find that the finite size scaling analysis of the participation entropy results in a critical point and a correlation length exponent very close to those obtained from the entanglement entropy, suggesting they share similar critical behaviors near the MBL transition. In addition to providing new insights to the subject of MBL, this scaling theory should be applicable to other models of MBL.
